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A Fast, Time-Accurate, Unsteady Full Potential Scheme
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and
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The unsteady form of the full potential equation is solved in conservation form by an implicit method based on
approximate factorization. At each time level, internal Newton iterations are performed to achieve time accuracy
and computational efficiency. A local time linearization procedure is introduced to provide a good initial guess for
the Newton iteration. A flux biasing technique is applied to generate proper forms of the artificial viscosity to treat
hyperbolic regions with shocks and sonic lines present. The wake is modeled by a cut behind the trailing edge
across which the density is matched at any instant of time by solving the vorticity convection equation. The far
field is modeled using the Riemann invariants to simulate nonreflecting boundary conditions. The resulting
unsteady method performs well and, even at low reduced frequency levels of 0.1 or less, requires fewer than 100
time steps per cycle at transonic Mach numbers.

I. Introduction

NONLINEAR aerodynamic prediction methods based on
the steady form of the full potential equation are used

regularly for treating transonic1'2 and supersonic3"6 flows over
realistic wing-body configurations. Numerical algorithms to
compute the unsteady form of the full potential equation are
still in a developmental stage, and several researchers7"11 have
recently made significant progress in this area. There are
several issues involved in the construction of a robust and
efficient numerical algorithm for the unsteady full potential
equation. They are: 1) proper treatment of boundary condi-
tions in a nonorthogonal grid system, 2) correct formulation
for the production of artificial viscosity to capture shocks, 3)
proper concepts for time linearization and for accurate treat-
ment of time derivative terms, 4) unsteady wake treatment,
and 5) nonreflecting outer boundary conditions.

The objective of the present paper is to present a numerical
treatment of the unsteady full potential equation that properly
takes into account the importance of the items listed above.
The paper discusses a local time linearization procedure cou-
pled with a Newton iteration technique, a flux biasing concept
based on sonic conditions (instead of the usual density biasing
procedures) for the treatment of spatial derivative terms, split
boundary condition procedures consistent with approximate
factorization schemes, unsteady wake models with proper
jumps in <f> and higher derivatives of <|> taken into account
from density relationships, and nonreflecting unsteady far-field
procedures based on Riemann invariants derived from the
characteristic theory.

Use of unsteady methods has application not only to un-
steady problems, but also to time asymptotic steady-state
solutions. Also, in the unsteady method, since the time direc-
tion is always present, the hyperbolicity of the unsteady full

potential equation will allow one to obtain solutions to prob-
lems across the Mach number range (subsonic, transonic, and
supersonic), whether steady or unsteady. However, for purely
supersonic flows, the marching technique of Refs. 4-6 is the
most efficient procedure to apply. A unified full potential
scheme within the unsteady framework of this paper, which
includes the marching technique of Refs. 4-6 for treatment of
supersonic flows as a special case, is reported in Ref. 12.

Results are presented for flows over steady and unsteady
pitching airfoils at various Mach numbers and at reduced
frequencies, and comparisons are made with experimental
data. Use of the split boundary condition technique, com-
bined with the flux biasing concepts13'14 and the internal
Newton iteration, has resulted in a robust method which, even
for a difficult case with a fishtail shock at the trailing edge, did
not require any code adjustments. The method performs well
even at low reduced frequencies of 0.1 or less, requiring fewer
than 100 time steps per cycle.

II. Formulation
The two-dimensional, unsteady full potential equation writ-

ten in a body-fitted coordinate system represented by r = t,
f = f O, y, t), and TJ = TJ(.X, y, t) takes the form

where

p = density = [l - ^M^(l$r + Ufy + V^ - l)]
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The density p and the fluxes pU and pV are complicated
nonlinear functions of </>, the velocity potential.

Let n be the running index in the time direction, k in the f
direction, and j in the TJ direction leading out of the surface.
The objective is to solve Eq. (1) for <J£ ̂  at the current time
plane, knowing the information at n, n'.- 1, n - 2, • • • planes.

Let Eq. (1) be represented as

F(<J>)=0 (2)

where <f> is the unknown to be solved for at every grid point
( j , k ) in the (n + 1) plane. The Newton iteration for solution
to Eq. (2) is

(3)

where <j>* is the currently available value of <f> at the (n + 1)
level. At convergence, A<J> = <f> - <£>* will approach zero. Execu-
tion of Eq. (3) requires an initial guess for <J> at (n 4-1) to
initiate the Newton iteration process.

The solution procedure to Eq. (1) will have two steps:
1) Generation of an initial guess for <f> at (n 4-1) using a

time linearization procedure. In general, the initial guess for <J>
set to be <f>" k will work. However, for large A/ calculations or
for rapidly varying unsteady phenomena, the choice of initial
guess is crucial for convergence of the Newton iteration pro-
cess. The time linearization procedure for generation of the
initial guess, to be presented later in this paper, is an efficient
and robust method.

2) Starting with the initial guess from step 1, perform the
Newton iteration of Eq. (3) until A<f> is driven to some preset
small value. In general, this iteration process is quadratically
convergent and does not require many iterations. In many
cases, just one pass through Eq. (3) is sufficient to reach good
convergence.

Steps 1 and 2 are schematically illustrated in Fig. 1.

Treatment of (d/d)r(p/J) in Eq. (1)

JLlP.
dr\J

Ar2)

(4)
where

6 = 0 for first-order time accuracy
0 = 1 for second-order accuracy

rn+l - r", Ar2 = T" - T"

The unknown quantity in Eq. (4) is pn+1. Following Eq. (3),
this is written as

where A<j> = <f> — <J>* and

is a differential operator. The density quantities p" and p""1

appearing in Eq. (4) are not linearized because they are

known. Since pn+l is iterated to convergence using Eq. (5),
conservation is maintained when A<> -> 0.

Treatment of d/df[p(U/J)]
Following the Newton procedure of Eq. (3),

(7)

(8)•~j\P- 3$

where (dp/d<j>) is given by Eq. (6) and

3U d d

For mixed flow calculations where elliptic and hyperbolic
regions coexist, inclusion of (dp/d<f>) in Eq. (8) leads to a
pentadiagonal matrix due to the term

±U(n -I^U/.

present in Eq. (8). When [au — (U2/a2)] is negative, this
requires upwinding, causing the pentadiagonal feature. To
preserve a tridiagonal form for easy and efficient matrix
inversion, the term U(dp/d<t>) appearing in Eq. (8) is ne-
glected. Since A<f> -> 0 at convergence of Eq. (3), this will not
cause any problems.

Equation (7) is written as

J , K-r 2

,
J i K- 2

(9)

In Eq. (9), the density p is given by |5(<f>^). The tilde over p
denotes that the density has been modified to produce the
necessary artificial viscosity. The modified density is obtained
from a flux biasing concept to be described later in this paper.
Treatment of d/dy[p(V/J)]

Similarly to Eq. (9), this can be written as

~V
(10)

where V= TJ, + 0 + 0 22(<J>* +
Combining Eqs. (4), (9), and (10) results in an implicit

treatment of Eq. (1), with A<f> = <j> — <f>* as the only unknown
to be solved for, using the Newton iteration procedure of Eq.
(3). To initiate this iterative process, an initial guess for <j> at
(rc + 1), close to the correct value, is required. This initial
guess is provided by solving the time linearized form of Eq.
(1) as described now.
Initial Guess

To solve Eq. (1) in a time linearized fashion, the density
p"+1 appearing in Eq. (4) is written as

-p"+ ir
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Density Biasing2 (in the f Direction)
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Fig. 1 Update of <j> based on Newton iteration.

max

(15)

where M is the local Mach number. For U > 0, the minus sign
and backward differencing (<-) are used in Eq. (15), while for
U < 0, the plus sign and (->) operator are used.

Directional Flux Biasing

_ = _1
P ^

(16)

p = p

where A<J> = (<j>n + l — <f>n) and

»£. _P^
a2

r_d_
di

(12)

(13)

is a differential operator. In Eq. (12), the density is linearized
about a known neighborhood state at the nth level, whereas in
Eq. (5) the density is linearized about a known neighborhood
state at the (n + 1) level. Note the subtle difference in the time
terms of Eqs. (6) and (13).

The spatial derivative terms are written as

d[P/(u/j)] _ d i.nun+l

(14)d[(>/(V/J)\ _ 3 (-nVn +

di\ ~ 3 i ) \ p J

where pn is the biased, time linearized density evaluated at the
n th plane.

Substituting Eq. (12) into Eq. (4) and combining that with
Eq. (14) results in an implicit model for the unknown, A<|> =
$n + l — <j>'7, appearing in Eq. (12). Once this A<J> is solved for,
<j>n + l =<j)n + A<f> provides the initial guess, <(>*, needed for the
Newton iteration, Eq. (3).

For genuine unsteady problems, at each time plane n + 1,
the Newton iteration is carried out until the residual of the
unsteady equation (1) is driven to small values of the order of
10~6. After the initial guess is obtained, two Newton itera-
tions, at the utmost, are generally required to achieve this level
of convergence. There are two reasons for this: 1) the initial
guess is good, and 2) the Newton iterative process is quadrati-
cally convergent. For problems in which the steady state exists
and is of interest (steady transonic flow computation), the
Newton iteration process is shut off since there is no require-
ment to satisfy Eq. (1) at every time plane exactly.

Biasing Procedure
The spatial derivative terms given by Eqs. (9), (10), and (14)

are central-differenced expressions about the node point (7, k)
and are symmetric operators. For shocked flows and for
treatment of hyperbolic regions, these operators are desymme-
trized by introducing the biased value of density in the up-
wind direction. This creates the necessary artificial viscosity to
form shocks and exclude the expansion shock. The biased
value of density p can be obtained in several ways, some of
which are presented here.

Streamwise Flux Biasing

_ 1
P = ~q

(17)

where 5 is the local streamwise direction. Equation (17) can
be rearranged as

where Q =
In Eqs. (16) and (18), the term (pq)' is defined to be

(pq)~ = pq-p*q* if q> q*

= 0 if q < q* (19)

The quantities p*q*, p*, and q* represent sonic values of
the flux, density, and total velocity, respectively. These sonic
conditions are given by (using the density and speed of sound
relationships)

( * )2=

p* = (q*Mj2 (20)

Note that for steady flows, the sonic conditions p* and q*
are only a function of the freestream Mach number and, for a
given flow, they are constants. For unsteady flows, p* and q*
need to be computed everywhere due to the presence of <f>T
and other unsteady terms in Eq. (20).

The density biasing based on flux, Eq. (18), is more accurate
than the one presented in Eq. (15), since it is based on sonic
reference conditions. To illustrate the flux biasing procedure
for various situations, Eq. (16) is considered.

1) Subsonic flow [q<q* at (y, k + \) and ( j , k - \)} for
U > 0, the modified density in Eq. (16) becomes

since (pq)
Eq. (19).

(21)

at (j,k+ \) and ( j , k— \) is zero, according to
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Fig. 2 Notation for flux biasing.

2) Supersonic flow [q > q* at (y, k + \) and (7, k - \)} for

X [{(p*q*)j,k + \-(p*q*)j,k-±}] (22)

For steady supersonic flows where (p*g*) is a constant
everywhere, Eq. (22) reduces to

(23)

3) Transition through sonic line (q> q* at k + \ and
q < q* at k - \. Refer to Fig. 2a.) For U> 0,

(24)

4) Transition through shock (q> q* at k-\ and 17< q*
at A; + |. Refer to Fig. 2b.) For £/> 0,

p*q*)j,k-i\ }

(25)

For steady flows where p*q* is a constant, it can be shown
that at a pure supersonic point (case 2 above), the flux biasing
procedure, Eq. (16), and the usual density biasing technique of
Ref. 2, Eq. (15), are identical.

dp = _ P
dq a2

(26)

(27)

= ( p q) (for steady flows only)

Using Eq. (28)

d

(28)

(29)

Using Eq. (29), for a pure supersonic point, Eq. (16) becomes,
for £/>0,

(30)

Using v = [l- (1/M2)], Eq. (30) can be written as

= (l-i>)p^ + i + i>pM_i (31)

Equation (31) is the usual density biasing technique of Hoist.2
However, while transitioning through a sonic line (case 3) or
through a shock (case 4), the flux biasing procedure of Eq.
(16) accurately monitors the sonic conditions p* and q*, as
given by Eqs. (24) and (25).

The advantages of flux biasing over the density biasing2

scheme are:
1) It provides a monotone profile through the shock wave

(for details, see Refs. 12 and 13).
2) It allows for larger Courant numbers to be taken during

the calculation (by not producing undesired pressure over-
shoots at shocks, which could cause instability during tran-
sient calculations).

3) It provides a two-point transition through a shock wave.
The theoretical reason for the validity of properties 1-3, as

described in Refs. 13 and 14, is the fact that this flux biasing
algorithm satisfies an "entropy" inequality. Consequently, ex-
pansion shocks are automatically dissipated—no artificial
viscosity involving user-specified constants is needed for this
purpose.

The particular flux biasing algorithm described here is based
on a simplified solution to a Riemann problem, where a sharp
distinction is made between rarefaction waves and expansion
shocks. Certain other algorithms based on different approxi-
mate (or exact) Riemann solvers are also admissible,13 but the
one used here has the desirable properties of:

1) Smoothness of fluxes—linearization is easy and Newton's
method applies directly.

2) An appealing physical interpretation.14 The method of
characteristics is used, even through shocks and the resulting
multivalued solution is averaged.

3) Sharp shocks (property 4, transition through shock).
Schemes based on similar principles have already replaced

the Murman scheme in transonic small-disturbance codes.13'14

Unsteady Wake Treatment
Figure 3 shows the schematic of a wake cut behind the

trailing edge of an airfoil. This wake cut has to be properly
modeled in the unsteady formulation. An expression for the
jump in <J> across the wake cut can be derived by requiring
that the pressure be continuous across the cut. In the full
potential framework, this results in the continuity of density.
Equating the density pM = p, at any point along the wake (Fig.
3), one can write the linearized vorticity (F) convection equa-
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Fig. 3 Wake and outer boundary treatment.

Usually, along the outer boundary, the Riemann invariant
that corresponds to the positive characteristics with respect to
the inward normal can be prescribed as a boundary condition.
For an arbitrary coordinate system (T, f, 17), such as the one in
Fig. 3, the following boundary conditions are appropriate.

U 2-== + ——-=- a = const along AB

j= + _ .. a = const along ED

¥= + —^r a = const along BCD (34)

Fig. 4 Steady-state results using the unsteady code.

tion

(32)

where Un is the average of upper and lower cut value at the
previous time level. Equation (32) is integrated from the
trailing edge to the downstream boundary (along TE in Fig. 3)
to obtain the F distribution along the wake cut. To maintain
stability, the £ derivatives in Eq. (32) are upwind-differenced.
For a steady flow, Eq. (32) will result in a constant value for F
along the wake given by F = <f>r - <f>r, in Fig. 3. Equation (1)
is solved only on the upper cut grid points to obtain <J>upper
distribution. Based on the F distribution from Eq. (32), the
lower cut <J> values are set (<&,= <f>M - F). The jumps in higher
derivatives of <f> such as I^J, are neglected in the formula-
tion.
Far-Field Boundary Condition

Along the outer boundary ABCDE in Fig. 3, appropriate
Riemann invariants are prescribed. The concept can be ex-
plained by considering the Cartesian form of the full potential
equation cast in terms of the Riemann invariants.

y- a (33)v /

Equation (33) implies that along the (u + a) positive char-
acteristics, the quantity {u + [2/(y - l)]a} is invariant and,
along the (u-d) negative characteristics, the quantity (u-
[2/(y — l ) ] a } is invariant, known as the Riemann invariants.

Equation (34) is nonlinear in nature. Hence, to implement the
Riemann invariant boundary condition, a linearization tech-
nique similar to Eq. (3) is employed. For example, equating
the right-hand side of Eq. (34) to the freestream value, along
BCD one can write

/J Q

'uaf+a^

v
^

freestream

VF 2+ —— (35)

where A<J> = <£> — <j>*. All the coefficients in Eq. (35) are
evaluated using <J> = <£>*. The finite-differenced form of Eq. (35)
will provide an estimate for (A<f>) along the outer boundary.

Approximate Factorization Scheme
Equation (1), modeled in terms of the unknown, A<j> = <j>

— <J>*, can be written as

(36)

Equation (36) can be solved in several ways. One way is to
apply a relaxation technique that uses either a point iteration
or line relaxation.15 In this paper, the method of approximate
factorization4"6 is chosen over the relaxation concept. In the
approximate factorization procedure, the G(A<£) function in
Eq. (36) is written as

(37)

where

Equation (37) is solved at the (« + 1) plane in two steps.
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(37). Let j = J denote the body point. Then,

Fig. 5 Variation of unsteady lift with a for NACA-0012 at k = 0.081,
M^ = 0.6, am = 3.16 deg, a0 = 4.59 deg.
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Fig. 6 Test of robustness of the present unsteady implicit scheme.
NACA-0012 airfoil at M^ = 0.6, k = 0.081, am = 2.89 deg, a0 = 2.41
deg.

Step 1:

Step 2:

Both L* and L result in tridiagonal matrices.

Body Boundary Condition
For inviscid flows, the surface flow tangency condition

dictates that the contravariant velocity V be zero at the body.
Implementation of the condition V = 0 in the L^ operator is a
crucial step in achieving a true implicit scheme. Usually, the
boundary condition V = 0 is set only in the right-hand-side
term R, and a careless or no-boundary-condition treatment is
imposed in the left-hand-side L^ operator2. In the present
method, the condition V = 0 is imposed on both sides of Eq.

or

J,k

(38)

(39)

(40)

the L£ and the L^ operators in Eq. (37) can be modified to the
form, for a body point /,

Using Eqs. (38) and (39) and the relationship

V\

(41)

where

d a
h =

In Eq. (41), the boundary condition is split between the two
operators Lf and L^. Even for nonorthogonal mesh at the
body (au ^ 0), the boundary condition is set implicitly. This
allows for large time steps, or Courant numbers, to be taken
during the calculation.

While solving for a wake point, Eq. (1) and Eq. (32) are
solved simultaneously (implicitly) through proper modifica-
tion to the L^ operator in Eq. (37).

Extension to Three Dimensions
The two-dimensional procedure described so far is easily

extended to three dimensions by introducing a triple ap-
proximate factorization scheme. This is represented as

L^L^ = R (42)

Reference 16 describes the three-dimensional implementation.

III. Results
The computer program based on the implicit method of this

paper is written for the CRAY-XMP computer. The program
is vectorized, including the tridiagonal solvers of the ap-
proximate factorization scheme, and the flux biasing switches.
Usually, calculations are performed on a 181 X 30 c-grid
setup. For steady-state calculations, the method takes ap-
proximately 200 iterations (with no internal Newton itera-
tions) to drive the residual values to 10"5 or less, and this
takes 3.3 s/100 iterations on the CRAY-XMP. For unsteady
calculations, the code initially sets up the steady solutions
about the mean airfoil position and then performs the un-
steady calculation. To maintain time accuracy, internal
Newton iterations are performed to drive the residual of the
unsteady equation to less than 10"5. Usually, two internal
iterations are sufficient. However, when large AT values that
correspond to CFL numbers of over 100 are used, more
internal iterations might be required. For unsteady calcula-
tions with two internal iterations after the initial guess from
the time linearized solution (see Fig. 1), the code requires
9.0 s/100 iterations.

Now, some results are presented.
Figure 4 shows the fishtail shock pattern for the steady

NACA-0012 airfoil at Mach numbers 0.98 and 1.2. The pres-
ent method computes difficult cases like these in 200 iterations
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FEBRUARY 1987 FAST, TIME-ACCURATE, UNSTEADY FULL POTENTIAL SCHEME 237

——— CALCULATED REAL
——— CALCULATED IMAG

O EXPERIMENTAL REAL
D EXPERIMENTAL IMAG

——— CALCULATED CP UPPER
-—— CALCULATED CP LOWER

O EXPER. CP UPPER
D EXPER. CP LOWER

0.2 0.4 0.6 0.8 1.0

X/C

D

10

Sf 0

-10
0.2 0.4 0.6 0.8

X/C

Fig. 8 Steady and unsteady results for the NLR-7301 airfoil.

without requiring any code adjustments. Use of the flux
biasing concept accurately treats any complex shock problem
and provides the correct amount of artificial viscosity for
stability and accuracy. Also shown in Fig. 4 are results for
M^ = 0.85, indicating the presence of nonuniqueness,17 even
for the unsteady full potential equation.

Figure 5 shows an unsteady calculation for NACA-0012 at
a reduced frequency, k = (w/2)(U^/c\ of 0.081. The airfoil is
pitching about the quarter-chord and the angle of attack is
given by

where am is the mean angle and «0 is the amplitude.
Unsteady calculations are started after 300 iterations of

steady-state computation about the mean position. For a low
reduced frequency of 0.081, the airfoil sets into an unsteady
periodic motion very quickly (within a cycle of transient
motion). The unsteady result of Fig. 5 was performed using
190 iterations/cycle at an average CFL number of 65. The
unsteady lift coefficients compare well with data.18 The outer
boundary of the computational domain was set at 20 chord
lengths away.

To test the robustness and accuracy of the present method,
unsteady calculations were performed, for a given case, using
different AT values. Figure 6 shows the results of such a study.
For NACA-0012, Mx = 0.6, k = 0.081, am = 2.89, a0 = 2.41
deg, three different AT values were chosen ( AT = 0.1,0.2,0.3)
that correspond to average CFL numbers of 35, 70, and 105,
respectively. For AT = 0.1, one cycle of calculation required
388 iterations and, for AT = 0.3, the same required 130 itera-
tions. The code performed very well and produced stable
results for all these three cases, producing the same Q vs a
loop within plottable accuracy.

Figures 7a-7f show unsteady results for a strongly shocked
NACA-0012 airfoil at M^ = 0.755, aM = 0.02, <*0 = 2.59, and
K = 0.081. The unsteady variation in pitching moment coeffi-
cient (about a quarter-chord), CM, is shown in Fig. 7a, along

with a comparison with experimental data.18 Figure 7b shows
similar results for the lift coefficient variation. Figures 7c-7f
show unsteady pressures on the surface at various orientations
of the pitching airfoil. In all these results, the comparison with
experimental data18 is excellent. Similar results obtained using
the transonic small-disturbance theory are shown in Ref. 19.

Figure 8 shows steady and unsteady results for the NLR-
7301 airfoil oscillating in pitch about 40% chord. The experi-
mental data are from Ref. 19.

IV. Conclusions
The paper presents a fast, time-accurate, unsteady full

potential scheme based on the Newton iteration concept ap-
plied to approximate factorization. The method has incorpo-
rated the following key features.

1) Conservative treatment of the unsteady full potential
equation, 2) time linearization procedures for computing the
initial guess for the internal Newton iteration, 3) flux biasing
techniques based on sonic reference conditions for production
of artificial viscosity to capture shocks and treat the hyper-
bolic regions, 4) implicit boundary condition treatment based
on splitting concepts consistent with approximate factoriza-
tion, 5) treatment of unsteady wake by properly accounting
for jumps in <J>, and 6) outer boundary conditions based on
the Riemann invariants.

Currently, work is progressing in the following areas: 1)
inclusion of a structural model for aeroelastic and flutter
calculations, 2) interacting boundary-layer method for treating
viscous effects, 3) unified scheme development for across-the-
Mach-number capability,12 4) "entropy correction" to extend
the range of validity of the unsteady full potential equation,
and 5) wing-body treatment.
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